We determine necessary and sufficient conditions for a tubular surface to be swung, and viceversa. From these characterizations, we derive two symbolic algorithms. The first one decides whether a given implicit equation, of a tubular surface, admits a swung parametrization and, in the affirmative case, it outputs such a parametrization. The second one decides whether a given swung surface parametrization is a tubular surface and, in the affirmative case, it outputs the implicit equation. kinds could result, for example, in an easier method for solving the symbolic 19 implicit/parametric conversion for the given surface.
Tubular surfaces are those irreducible surfaces described by an implicit equa- On the other hand, swung surfaces are a generalization of the well known 36 revolution surfaces (around the x 3 -axis) in which a profile curve parametrized by 37 (0, φ 1 (t), φ 2 (t)) is transported around a trajectory curve (ψ 1 (s), ψ 2 (s), 0). The 38 obtained surface is the surface parametrized by 39 (φ 1 (t)ψ 1 (s), φ 1 (t)ψ 2 (s), φ 2 (t)) .
40
If the trajectory curve is a circle, then the swung surface is just the classical 41 revolution surface. Swung surfaces have been subject of recent research, even 42 considering elementary issues as the problem of implicitizing; see [6] where the 43 authors use µ-bases to develop specific techniques for implicitation of swung 44 surfaces, as an alternative of the well-know techniques in elimination theory. 45 Notice that, if the profile curve of a revolution surface is given by the graph 46 of a rational function x 2 = (f /g)(x 3 ), then the revolution surface has equation 
tubular surface. If AB = 0, and the surface is rational over R, then it is swung.
77
Proof. By definition of tubular surface, we know that A, B cannot be simul-
proper real parametrization of the tubular surface B(x 3 )x 2 2 + C(x 3 ) = 0. We 80 observe that M is not zero, because the surface is not a plane. Then, taking Proof. Assume that (φ 1 (t)ψ 1 (s), φ 1 (t)ψ 2 (s), φ 2 (t)) is a swung parametrization 90 of the surface. Then
Since φ 1 (t) is not zero, because otherwise the surface would degenerate to a 93 curve, then 94 A(φ 2 (t))ψ 1 (s) 2 + B(φ 2 (t))ψ 2 (s) 2 = 0.
95
In addition, AB = 0. So, A(φ 2 (t))B(φ 2 (t)) = 0. On the other hand, we also 96 have that not both rational functions ψ i (s) can be zero; say ψ 1 (s) = 0. Then
98 λB(x 3 ). Moreover, since gcd(A, B, C) = 1 then A and B must be constants, and 100 the equation of the tubular surface is λx 2
a real tubular surface, such that ABC = 0, gcd(A, B, C) = 1. Then, the surface 105 is a swung surface if and only if:
One of the curves (or a component of ) A(y)x 2 ±C(y) is rational parametriz-
We observe that φ 2 (t) cannot be a constant, because the surface is not a plane.
113
Also, note that φ 1 (t) cannot be zero, since otherwise the given variety would 114 be a line. This, in particular implies that
zero. So, manipulating the above expression, we get that
(1) 119 Therefore (ψ 1 (s), ψ 2 (s)) parametrizes the conic, defined over R(t) by x 2 1 /α(t) + 120 x 2 2 /β(t) = 1. However, since (ψ 1 (s), ψ 2 (s)) is over R, its implicit equation is 121 over R. So, since x 2 1 /α(t) + x 2 2 /β(t) = 1 is irreducible as conic over R(t), we 122 get that both implicit equations must be equal, and hence α(t),
128
Assume now that we have a tubular surface
Consider the conic x 2 1 + kx 2 2 = ±1. This will be our trajectory curve; note 135 that k = 0. Let (ψ 1 (s), ψ 2 (s)) be a parametrization of the conic (we will see 136 below that the parametrization can be taken over R), we have to prove that
It only remains to prove that the corresponding conic x 2 1 +kx 2 2 = ±1 is real, from 142 where it follows that the parametrization (ψ 1 (s), ψ 2 (s)) can always be taken over 143 R. For this purpose, we distinguish several cases. We first observe that, since
factors then it has two factors 145 and they are linear in x, and hence both rational. Let C ± be the curve defined 
Observe that A(γ) = 0, since otherwise C(γ) = 0 and gcd(A, B, C) = 1 which is a contradiction. Now, since P is regular, we have that either αA(γ) = 0 or kβA(γ) = 0 or A (γ)(α 2 + kβ 2 ) + C (γ) = 0. That is (note that k = 0) either α = 0 or β = 0 or A (γ)(α 2 + kβ 2 ) + C (γ) = 0. In addition, since A(γ) = 0 we have that
We analyze each case.
161
-Let α = 0. We observe that C(γ) = 0 because: if C(γ) = 0, since 162 A(γ) = 0, by (2), one has that α 2 + kβ 2 = 0 but this is impossible 163 because α = 0 and k > 0. But this implies that the square of the
Thus Q is a regular point of C + . Therefore, Q cannot be real. So 166 C(γ)A(γ) > 0. But, from (2), we get then that α 2 + kβ 2 < 0 which 167 is impossible since α = 0 and k > 0.
168
-If β = 0 the reasoning is above.
169
-Let A (γ)(α 2 + kβ 2 ) + C (γ) = 0. Because of the two previous cases, 170 we can assume w.l.o.g. that α = β = 0. So, by (2), we have that 171 C(γ) = 0. So Q = (0, γ). Then, the derivative w.r.t. y of C(y) + 172
x 2 A(y) at Q is C (γ). Therefore, since Q is real, we have that C (γ) = 173 0 which contradicts our assumption. 2. There exists a rational function h such that φ 1 (t) 2 = h(φ 2 (t)).
218
Proof. Assume that the surface is tubular. There exists A, B, C such that
We distinguish cases. Let AB = 0. By Theorem 2.3, the surface is tubu-221 lar and swung, so B(x 3 ) = kA(x 3 ). Evaluating at a value t = t 0 , we get 222 that (ψ 1 (s), ψ 2 (s)) parametrizes the curve
So, φ 2 1 = −C(φ 2 )/(aA(φ 2 )) = h(φ 2 ).
230
Let A = 0, then BC = 0. Evaluating at a value t = t 0 , we get that 231 B(φ 2 (t 0 ))φ 1 (t 0 ) 2 ψ 2 (s) 2 + C(φ 2 (t 0 )) = 0. So ψ 2 (s) is constant, say λ, and the 232 trajectory curve is the line x 2 = λ; note that, since ψ 2 is real then λ ∈ R and 233 since the surface is not x 2 = 0 then λ = 0. Moreover, φ 2 1 = −C(φ 2 )/(λ 2 B(φ 2 )) = 234 h(φ 2 ). If B = 0 the reasoning is similar.
235
Conversely, let us assume first that (ψ 1 , ψ 2 ) parametrizes a conic x 2 1 /a + 236 x 2 2 /b − 1 and that φ 2 1 = C(φ 2 )/A(φ 2 ) for some a, b ∈ R, C, A ∈ R[x 3 ], with 237 gcd(A, C) = 1 and C = 0 (note that φ 1 cannot be zero). We want to prove that 238 the given surface is tubular. Consider the equation
Substituting the parametrization, we get 241 A(φ 2 )φ 2 1 (ψ 2 1 + a/bψ 2 2 ) + aC(φ 2 ) = aA(φ 2 )φ 2 1 − aC(φ 2 ) = 0 242 so the surface is tubular. Note that, by construction gcd(A, a/bA, C) = 1 and 243 the total degree w.r.t. {x 1 , x 2 } is 2 because C is no zero. Now, let us assume 244 that (ψ 1 , ψ 2 ) parametrizes a line x 2 = λ, and that φ 2 1 = C(φ 2 )/B(φ 2 ) for some Remark 3.2. In order to compute polynomials A and C such that φ 2 1 = 252 C(φ 2 )/A(φ 2 ), we may use rational decomposition techniques [1] . In particu-253 lar if n = max{deg(numer(φ 2 )), deg(denom(φ 2 ))}, m = max{deg(numer(φ 1 )), 254 deg(denom(φ 1 ))}, then the degree of A and C is bounded by 2m/n. If 2m/n is 255 not an integer then there is no solution and the surface is not tubular. If 2m/n 256 is an integer, we may take A and C as polynomials of degree 2m/n with un-257 determined coefficients, then evaluate the expression φ 1 (t) 2 C(φ 2 (t)) = A(φ 2 (t)) 258 at 4m/n + 2 values of t where C(φ 2 (t)) = 0 and, finally compute the coefficients 259 of A and C by solving the resulting linear system of equations.
260
Using the last argument in the previous remark, we get the following corol-261 laries of Theorem 3.1.
262
Corollary 3.3. If the (implicit) profile curve of a swung surface has degree 263 bigger than 2 w.r.t. the first variable, then it is not tubular.
264
Using Theorem 4.2.1. in [5] , one has the next result 265 Corollary 3.4. Let (0, φ 1 , φ 2 ), with φ 2 = 0, be a proper parametrization of the 266 profile curve of a swung surface. If deg(φ 2 ) > 2 then the surface is not tubular.
267
We finish the section with an algorithm that decides whether a swung surface 268 is tubular and, in the affirmative case, computes the implicit equation.
269
(Implicitization) Algorithm Swung/Tubular 270 Input: Let (φ 1 (t)ψ 1 (s), φ 1 (t)ψ 2 (s), φ 2 (t)) be a parametrization of a swung surface 271 S different from the planes x 1 = 0, x 2 = 0. 278 If the answer is no, then return that S is not tubular. 
. If the answer is 281 yes, then return (a) If in Step 1, (i) holds then return that S is tubular and that A(
Step 1, (ii) holds then return that S is tubular and that 1
Step 1, (iii) holds then return that S is tubular and that 1
288
If the answer is no, then return that S is not tubular else return that S is 289 tubular. 
Examples

291
We illustrate our results by some examples.
292
Example 4.1. We consider the swung surface (see Fig. 1 )
, t .
294
Without any computation, it is elementary to see that the trajectory curve Since t 4 cannot be expressed as h(t 3 ), the surface is not tubular (step 2). Observe also that the profile curve is (0, t 2 , t 3 ) that is proper and the degree of φ 2 is 3 > 2 (see Corollary 3.4). However, for any value of t = t 0 , excluding 0, the curve
is a circle. The implicit equation of the surface is x 6 1 +3x 4 1 x 2 2 +3x 2 1 x 4 2 +x 6 2 −x 4 3 = 0.
302
We may express this polynomial as
and notice that the pencil of conics x 2 1 + x 2 2 − 3 x 4 3 is not rational. Fig. 3 ) is a pencil of 307 conics and, can be transformed into a tubular surface. In fact, let us take the 308 following R(z)-change of variables x 1 = x+( 4 9 z)y − 2 9 z 2 −2, y 1 = y −1/2z. Then
309
F is transformed into F * ≡ −36x 2 1 + (100/9z 2 − 100)y 2 1 + (−25z 2 + 225) = 0 310 (see Fig. 4 left) . This surface is not in the hypotheses of Theorem 2.3, so it 311 is tubular but not swung (step 3.a of the Tubular/Swung algorithm). Now, 312 consider the new change of variables x 2 = 1/x 1 , y 2 = y 1 /x 1 , we get the surface 313 F * * = (−25z 2 + 225)x 2 2 + (100/9z 2 − 100)y 2 2 − 36 ( Fig. 4 right) , where A = t 2 + 1 t 2 − 1 , 6t t 2 + 1 .
319
Following that theorem, the trajectory curve is x 2 2 − 4/9y 2 2 − 1 = 0 that we can 320 parametrize as s 2 +1 s 2 −1 , 3s s 2 −1 (step 3.c). This provides the following parametriza- 
